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The accelerated expansion of the Universe is one of the greatest challenges of modern physics. One
candidate to explain this phenomenon is a new field called dark energy. In this work we have used
the Tsallis nonextensive statistical formulation of the Friedmann equation to explore the Barboza-
Alcaniz and Chevalier-Polarski-Linder parametric dark energy models and theWang-Meng and Dalal
vacuum decay models. After that, we have discussed the observational tests and the constraints
concerning the Tsallis nonextensive parameter.
PACS numbers: 98.80.Es, 98.80.-k, 98.80.Jk
I. INTRODUCTION
The discovery that the universe is expanding at an ac-
celerated rate has given rise to several hypotheses and
speculations about the gravity theory and the material
content of the Universe. The cosmological constant, the
“Einstein’s big mistake”, now reinterpreted as the den-
sity of energy associated to the quantum vacuum, is back
to the game as the strongest candidate to explain such
unexpected fact. However, despite its excellent agree-
ment with the majority of cosmological data, its value
required by the observations is far from the value pre-
dicted by the field theory by at least 60 orders of magni-
tude [1]. This astounding disagreement between theory
and observation has led the physicists to explore other
routes to explain the acceleration of the universe. Be-
yond the cosmological constant, the simplest assumption
that keeps the general relativity untouched is that the
universe is pervading by a fluid with a negative pressure
in order to violate the strong energy condition, that is,
ρ+ 3p < 0. This fluid is called dark energy (DE) and it
is characterized by the equation of state (EoS) parame-
ter w = p/ρ. Unlike the dark matter (DM), whose the
existence was already confirmed, but its nature remains
unknown, the DE existence itself has not yet been con-
firmed. Since the DM and DE origins remain unknown,
a coupling in the dark sector can not be discarded and it
constitutes another appealing hypothesis to alleviate the
cosmological constant problem. In this paper, we will use
the nonextensive Tsallis’ statistics in order to investigate
the Barboza-Alcaniz [2] and Chevalier-Polarski-Linder [3]
time-dependent parametric models of DE and the Wang-
Meng [4] and Dalal [5] vacuum decay models.
There are theoretical evidences that the understand-
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ing of gravity has been greatly benefited from a possible
connection with thermodynamics. Pioneering works of
Bekenstein [6] and Hawking [7] have described this is-
sue. For example, quantities as area and mass of black-
holes are associated with entropy and temperature re-
spectively. Working on this subject, Jacobson [8] inter-
preted Einstein field equations as a thermodynamic iden-
tity. Padmanabhan [9] gave an interpretation of gravity
as an equipartition theorem.
Recently, Verlinde [10] brought an heuristic derivation
of gravity, both Newtonian and relativistic, at least for
static spacetime. The equipartition law of energy has also
played an important role. The analysis of the dynamics of
an inflationary Universe ruled out by the entropic gravity
concept was investigated in [11]. On the other hand, one
can ask: what is the point of view of gravitational models
coupled with thermostatistical theories and vice-versa?
The concept introduced by Verlinde is analogous to Ja-
cobson’s [8] one, who proposed a thermodynamic deriva-
tion of Einstein’s equations. The result has shown that
the gravitation law derived by Newton can be interpreted
as an entropic force originated by perturbations in the in-
formation “manifold” caused by the motion of a massive
body when it moves away from the holographic screen.
An holographic screen can be understood as a storage de-
vice for information which is constituted by bits. Bits are
the smallest unit of information. Verlinde used this idea
together with the Unruh result [12] and he obtained New-
ton’s second law. Moreover, assuming the holographic
principle together with the equipartition law of energy,
the Newton law of gravitation could be derived. The
connection between nonextensive statistical theory and
the entropic gravity models [13, 14] make us to realize
an arguably bridge between nonextensivity and gravity
theories. More specifically, theories which consider accel-
erated models with DE approaches. In this way, the use
of the equipartition energy statistical law can lead us to
imagine the role of alternative statistical theories beyond
Boltzmann-Gibbs standard theory. It was constructed
some years ago an extension of the usual Boltzmann-
Gibbs theory (BG) that is called Tsallis thermostatistics
2(TT) formalism [15, 16]. To sum up, this formalism al-
ways considers the entropy formula as an extensive quan-
tity and has been successfully applied in many physical
models.
We have organized our paper in the following way:
in section II we will provide a brief review of Tsallis’
approach. In section III we will demonstrate that the
NE version of the Friedmann equation can be written
as a function of the radiation, matter and DE densities.
A new normalization condition, as a function of the q-
parameter will be obtained. In section IV we will ob-
tain new values for q-parameter for different DE models.
Specifically, the Barboza-Alcaniz and Chevalier-Polarski-
Linder parametric models. In section V we will analyze
nonextensively, two vacuum decay models, the Wang-
Meng and the Dalal models and the observational con-
straints will be discussed in section VI. The conclusions
will be depicted in the last section.
II. TSALLIS’ STATISTICS IN A NUTSHELL
One of the reasons that the study of entropy has been
an interesting task through the years is the fact that it
can be considered as a measure of information loss con-
cerning the microscopic degrees of freedom of a physical
system when depicting it in terms of macroscopic vari-
ables. Appearing in different scenarios, entropy can be
deemed as a consequence of gravitational framework [17].
These issues motivated some of us to consider other al-
ternatives to the standard BG theory in order to work
with Verlinde’s ideas together with other subjects [14].
Tsallis [15] has proposed an important extension of
the Boltzmann-Gibbs statistical theory and curiously, in
a technical terminology, this model is also currently re-
ferred to as nonextensive statistical mechanics (NE). TT
formalism defines a nonadditive entropy given by
Sq = kB
1−∑Wi=1 pqi
q − 1 (
W∑
i=1
pi = 1) , (1)
where pi is the probability of the system to be in a mi-
crostate, W is the total number of configurations and q,
known in the current literature as Tsallis parameter or
nonextensive (NE) parameter, is a real parameter which
quantifies the degree of nonextensivity. The definition of
entropy in TT formalism motivated the study of multi-
fractals systems and it also possesses the usual properties
of positivity, equiprobability, concavity and irreversibil-
ity. It is important to stress that Tsallis formalism con-
tains the Boltzmann-Gibbs statistics as a particular case
in the limit q → 1 where the usual additivity of entropy
is recovered. Plastino and Lima [18] have derived a NE
equipartition law of energy whose expression can be writ-
ten as
E =
1
5− 3qNkBT , (2)
where the range of q is 0 ≤ q < 5/3. For q = 5/3 (critical
value) the expression of the equipartition law of energy,
Eq. (2), diverges. It is also easy to observe that for q = 1,
the classical equipartition theorem for each microscopic
degrees of freedom can be recovered.
As an application of NE equipartition theorem in Ver-
linde’s formalism we can use the NE equipartition for-
mula, i.e., Eq. (2). Hence, we can obtain a modified
acceleration formula given by [14]
a = GNE
M
r2
, (3)
where GNE is an effective gravitational constant which
is written as
GNE =
5− 3q
2
G . (4)
From result (4) we can observe that the effective gravi-
tational constant depends on the NE parameter q. For
example, when q = 1 we have GNE = G (BG scenario)
and for q = 5/3 we have the curious and hypotheti-
cal result which is GNE = 0. This result shows us that
q = 5/3 is an upper bound limit when we are dealing
with the holographic screen. Notice that this approach
is different from the one demonstrated in [19, 20], where
the authors considered in their model that the number of
states is proportional to the volume and not to the area
of the holographic screen.
III. FRW COSMOLOGIES FROM NE TSALLIS’
STATISTICS
It was demonstrated in [14] that one modification
in the dynamics of the Friedmann-Robertson-Walker
(FRW) Universe in NE Tsallis’ statistics can be ob-
tained simply by making the prescription G → GNE =
(5 − 3q)G/2 in the standard field equations. Thus, the
equations of motion in the NE statistics are
H2 +
k
a2
=
4(5− 3q)πG
3
ρ , (5)
and
2
a¨
a
+H2 +
k
a2
= −4(5− 3q)πG
3
p , (6)
where H = a˙/a is the Hubble function and ρ and p are,
respectively, the total density and pressure of the fluid.
These equations can be combined to obtain the conser-
vation equation,
ρ˙+ 3H(ρ+ p) = 0 . (7)
For a Universe filled by radiation, matter (baryonic plus
DM) and DE, the Friedmann equation (5) becomes
3H2
H20
=
5− 3q
2
[Ωγ,0
a4
+
Ωm,0
a3
+
Ωk,0
a2
+Ωx,0f(a)
]
, (8)
where
f(a) ≡ ρx
ρx,0
= a−3 exp
(
− 3
∫ a
1
w(a′)da′
a′
)
, (9)
and the subscript “0” denotes the present time value of
a quantity; Ωi,0 = 8πGρi,0/(3H
2
0 ) is the density parame-
ter of the i-th component (i = γ, m, andx for radiation,
matter and DE, respectively); Ωk,0 = −k/H20 is the cur-
vature density parameter and w(a) = px/ρx is the EoS
parameter of DE which we assume that it is a function
of time. Here we have used the convention a0 = 1. In
the NE scenario, the normalization condition reads as
Ωγ,0 +Ωm,0 +Ωk,0 +Ωx,0 =
2
5− 3q , (10)
which is an interesting result since it can show us, one
more time, that the value q = 1 recovers the standard
normalization condition. Values of q > 5/3 which brings
a negative normalization condition, makes no sense. An-
other consequence of the above equation is that at least
one of the Ω-densities will be a function of q. This result
was obtained in [14] but not for Ωx,0. So, from (10), we
can, alternatively calculate the q-parameter as a func-
tion of the integral in (9), since we have the value of the
other three densities in (10), of course. New values for
q-parameter for different models will be obtained in the
next section.
IV. DARK ENERGY MODELS
The investigation of DE models brings new analysis not
only in cosmology but also in high energy physics. With
these goals in mind, in this section we will discuss two
recent parameterization for DE EoS. Later, on section
VI, we will connect these ideas with the nonextensive
approach.
Our first model concerning DE is the Barboza-Alcaniz
(BA) parametric model firstly studied in [2]. The second
one is the Chevalier-Polarski-Linder (CPL) parametric
model [3], one of most studied in the literature.
A. Barboza - Alcaniz parameterization
The Barboza-Alcaniz (BA) parameterization is given
by
w(a) = w0 + w
′
0
1− a
1− 2a+ 2a2 , (11)
or, in terms of the redshift a = (1 + z)−1
w(z) = w0 + w
′
0
z(1 + z)
1 + z2
. (12)
In the above equations
w′0 =
dw
dz
∣∣∣∣
z=0
,
is a parameter that measures the EoS time dependence.
For this parameterization, the density function is
f(z) = (1 + z)3(1+w0)(1 + z2)3w
′
0
/2 . (13)
The main characteristic of the EoS parameterization
(12) is that it is a well behaved function of the redshift
during the whole history of the universe (z ∈ [−1,∞[),
which allows one to introduce in its functional form
the important case of a quintessence scalar field (−1 <
w(z) < 1). By noting that w(z) has absolute extremes
in z± = 1 ±
√
2 corresponding, respectively, to w− =
w(z−) = w0 − 0.21w′0 and w+ = w(z+) = w0 + 1.21w′0 it
is possible to separate the parameter space (w0, w
′
0) into
defined regions associated to distinct DE models which
can be confronted with the observational constraints to
confirm or rule out a given DE model. For w′0 > 0, w−
is a minimum and w+ is a maximum and for w
′
0 < 0
this is inverted. Since for quintessence and phantom
scalar fields the EoS is constrained by −1 ≤ w(z) ≤ 1
and w(z) < −1, respectively, the region occupied in the
(w0, w
′
0) plane by these fields can be determined easily.
To discuss quintessence, we have that −1 ≤ w0 − 0.21w′0
and w0 + 1.21w
′
0 ≤ 1 if w′0 > 0 and −1 ≤ w0 + 1.21w′0
and w0 − 0.21w′0 ≤ 1 if w′0 < 0. Concerning phantom
fields, we can write w′0 < −(1 + w0)/1.21 if w′0 > 0 and
w′0 > (1+w0)/0.21 if w
′
0 < 0. Points out of these bounds
correspond to mixed DE scenarios that crossed or will
cross the phantom separation line.
B. Chevalier - Polarski - Linder parameterization
The Chevalier-Polarski-Linder (CPL) parameteriza-
tion is given by
w(a) = w0 + w
′
0(1− a) , (14)
or equivalently
w(z) = w0 + w
′
0
z
1 + z
. (15)
Now, the density function is
f(z) = (1 + z)3(1+w0+w
′
0
) exp
[
− 3w′0
z
1 + z
]
. (16)
4The CPL parameterization has an absolute extreme in
w∞ = w(z → ∞) = w0 + w′0. For w′0 > 0, w∞ is a
maximum whereas for w′0 < 0 it is a minimum. Thus,
the region occupied by phantom fields is determined by
the constraints w∞ < −1 and w′0 > 0, whereas simi-
lar constraints cannot be obtained for the quintessence
case. Note that for the CPL parameterization, when
z → −1(a → ∞), f(z) explodes if w′0 > 0 while f(z),
given by Eq. (13), blows up in this limit if w0 < −1.
Thus, the roles of the parameters w0 and w
′
0 are inter-
changed in this limit, in the sense that while for BA pa-
rameterization the fate of the Universe will be dictated
by the equilibrium part w0, for the CPL parameteriza-
tion the future of the Universe will be driven by the time-
dependent term w′0.
V. VACUUM DECAY MODELS
Beyond DE parametric models, concerning the cosmo-
logical constant problem, another line of attack is to as-
sume that the cosmological term evolves with time. Here,
we will investigate the consequences of the nonexten-
sive Tsallis’ statistics on two vacuum decay models: the
Wang-Meng [4] and the Dalal [5] models. In this case,
the conservation equation (7) becomes
ρ˙dm + 3Hρdm = −ρ˙Λ . (17)
which connects the evolution in time of the DM and the
cosmological constant terms.
A. Wang-Meng Model
If DE and DM interact, the energy density of this latter
component will dilute at a different rate compared to its
standard evolution, ρdm ∝ a−3. Thus, the deviation from
the standard dilution may be characterized by a constant
ǫ that measures the deviation of the standard evolution
law, such that
ρdm = ρdm,0a
−3+ǫ . (18)
By substituting (18) into (17) and solving the resulting
equation, we have that
ρΛ = ρΛ,0 − ǫρdm,0
ǫ − 3 a
−3+ǫ +
ρdm,0ǫ
ǫ− 3 . (19)
Now, the Friedmann equation (8) reads
H2
H20
=
5− 3q
2
[Ωγ,0
a4
+
Ωb,0
a3
+
(
1− ǫ
ǫ− 3
)Ωdm,0
a3−ǫ
+
+
Ωk,0
a2
+ ΩΛ,0 +
ǫ
ǫ− 3
]
, (20)
where the density parameters are related by (10) with
Ωm,0 = Ωdm,0 + Ωb,0 and Ωx,0 = ΩΛ,0 (Ωb,0 = 0.04 [21]
stands for the baryon density parameter).
B. Dalal’s model
Another model proposed to alleviate the cosmological
constant problem, assumes that the ratio between the
dark components follow a power law [5] which is
ρΛ = ra
ξρdm , (21)
where r = ρΛ,0/ρdm,0 and ξ 6= 0 is an addimensional pa-
rameter that measures the coupling intensity. In this sce-
nario, the ΛCDM model is recovered when ξ = 3. Substi-
tuting (21) into (17) and solving the resulting equation,
we obtain that
ρdm = ρdm,0a
−3
( 1 + r
1 + raξ
)1−3/ξ
, (22)
and
ρΛ = ρΛ,0a
−3+ξ
( 1 + r
1 + raξ
)1−3/ξ
. (23)
Now, the Friedmann equation becomes
H2
H20
=
5− 3q
2
[Ωγ,0
a4
+
Ωb,0
a3
+
Ωk,0
a2
(24)
+
(
Ωdm,0 +ΩΛ,0a
ξ
)
a−3
( 1 + r
1 + raξ
)1−3/ξ]
.
As in the previous case, the density parameters are re-
lated to each other through (10) by making the substi-
tutions Ωm,0 = Ωdm,0 + Ωb,0 and Ωx,0 = ΩΛ,0. Notice
also that the nonextensivity parameter q enters in the
factor r = ρΛ,0/ρdm,0 by the normalization condition
(10). Motivated by the recent results of the CMB power
spectrum[22], we will assume spatial flatness in the fol-
lowing analysis.
VI. OBSERVATIONAL CONSTRAINTS
In order to discuss the current observational con-
straints of w0, w
′
0 and the nonextensive parameter q, the
Union 2.1 SN Ia sample of Ref. [23], which is an up-
date of the Union 2 compilation and comprises 580 data
points [23], will be used. We will also use the results
of current BAO and CMB experiments to diminish the
degeneracy between the parameters studied. For BAO
measurements, the six estimates of the BAO parameter
A(z) = DV
√
ΩmH20 , (25)
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FIG. 2: The ǫ − q (left) and ξ − q (right) parametric spaces. The contours are drawn for ∆χ2 = 2.30 and 6.17. The best fit
points are (ǫ, q, ) = (0.00, 1.02) and (ξ, q, ) = (3.18, 1.03) with χ2ν ≡ χ
2/NDoF = 0.97 for both scenarios.
given in Table 3 of Ref. [24] are used. In this latter expres-
sion, DV = [r
2(zBAO)zBAO/H(zBAO)]
1/3 is the so-called
dilation scale, defined in terms of the dimensionless co-
moving distance r. For the CMB, only the measurement
of the CMB shift parameter [25]
R = Ω1/2m r(zCMB) = 1.725± 0.018 , (26)
where zCMB = 1089 is used. Thus, in the present analy-
sis, the function
χ2 = χ2SNe + χ
2
BAO + χ
2
CMB , (27)
which takes into account all the data sets mentioned
above, is minimized. Since we are interested only in the
constraints over the DE parameters and in the nonex-
tensitvity parameter, we have marginalized the current
value of the Hubble parameter, H0.
Figure 1 shows the results of the statistical analysis in
68% and 95% confidence levels. The left column figures
shows the q − w0 and w0 − w′0 parameter spaces for the
BA parameterization. The right column figures shows
the q − w0 and w0 − w′0 parameter spaces for the CPL
parameterization. We have marginalized Ωm,0 and we
6Model χ2ν w0 w
′
0 q Ωm,0
ΛCDM 0.96 −1.00 − 0.99+0.02−0.02 0.28
+0.02
−0.02
wCDM 0.97 −1.04+0.10−0.10 − 0.98
+0.04
−0.04 0.28
+0.02
−0.02
BA 0.97 −1.00+0.18−0.17 −0.26
+0.98
−0.86 0.97
+0.13
−0.04 0.29
+0.01
−0.02
CPL 0.97 −0.98+0.22−0.21 −0.50
+1.70
−1.55 0.97
+0.12
−0.04 0.29
+0.01
−0.02
TABLE I: The best fit and the 1σ errors for one parameters
for ΛCDM, ωCDM, BA and CPL DE models.
imposed the physical constraint ω0 + ω
′
0 < 0 upon both
models in order to guarantee that the DE is subdominant
at early times, i. e., ρDE ≪ ρdm for z ≫ 1. The best
fit values for these DE models are summarized in Table
I. For the sake of comparison, we have also displayed the
results for the ΛCDM and wCDM models.
Figure 2 shows the 1σ and 2σ confidence regions for the
nonextensivity parameter q and the Wang-Meng coupling
parameter ǫ (left) and the Dalal’s coupling parameter ξ
(right). In both figures we have marginalized Ωdm,0. Ac-
cording to the thermodynamics constraints [26] we have
used that ǫ > 0. The best fit values for the vacuum decay
models are summarized in Table II.
It is worth mention that, although our results for both
scenarios, DE and vacuum decay, favor the BG statistics
(q = 1), there is enough space to nonextensive Tsallis’
statistics, i. e., q 6= 1.
Model χ2ν w0 q Ωdm,0 ǫ ξ
Wang-Meng 0.97 −1.00 1.02+0.07−0.08 0.24
+0.01
−0.01 0.00
+0.08
−0.08 −
Dalal 0.97 −1.00 1.03+0.11−0.11 0.24
+0.01
−0.01 − 3.18
+0.63
−0.50
TABLE II: The best fit and the 1σ errors for one parameters
for Wang-Meng and Dalal vacuum decay models.
VII. FINAL REMARKS
One of the biggest conundrums of our time is to under-
stand the process that makes the Universe to accelerate.
A clue about its dynamics can be given by its total energy
distribution and by the sources of energy. Matter fields,
like barionic matter and radiation are clearly sources of
energy. Besides, two different components, the DM and
DE are ruling out the dynamical features of the Universe.
It is given to DE the property of being the responsible
by cosmic acceleration. DE has the biggest percentage
of occupation in the whole Universe and has a negative
pressure. But its features are not completely discovered
and/or understood so far.
Our objective in this work was to analyze some DE
models through the point of view of Tsallis nonextensive
statistics in order to obtain more clues about its behav-
ior. More specifically, we have used the Verlinde ideas
together with Tsallis’ formalism to study DE models. As
a result we have obtained the nonextensive parameter q
close to 1. However, from the errors of the q-parameters
measurements shown in tables I and II, the hypothesis
of a nonextensive nature for the holographic screen, i.e.,
the hypothesis that the bits obey the Tsallis nonexten-
sive statistical mechanics in the context of cosmological
models is quite plausible.
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